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Using computed x-ray tomography we determine the three dimensional (3D) structure of binary hard
sphere mixtures as a function of composition and size ratio of the particles g. Using a recently introduced
four-point correlation function we reveal that this 3D structure has on intermediate and large length scales a
surprisingly regular order, the symmetry of which depends on ¢. The related structural correlation length
has a minimum at the composition at which the packing fraction is highest. At this composition also
the number of different local particle arrangements has a maximum, indicating that efficient packing of
particles is associated with a structure that is locally maximally disordered.
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Hard sphere (HS) systems play a paramount role in
statistical mechanics and material science since they are
important models to study the behavior of many-particle
systems like liquids, colloids, and metallic glasses [1-4].
Also in the domain of granular materials many experi-
mental and theoretical studies have used HS-like systems
since granular particles usually have a high modulus and
the simplicity of the particle shape allows us to probe the
influence of friction and roughness on the properties of
granular assemblies [5,6]. Since for HS the interaction
energy between the particles is trivial, the properties of such
systems is encoded in their structure and hence many
previous studies have aimed to characterize it on various
length scales [1,4,5,7,8]. Many of these investigations
focused on one-component systems since this choice
facilitates the description of the packing structure [1,7].
However, in the context of the glass transition one also
often uses weakly polydisperse samples or a slightly
asymmetric binary mixture, since this suppresses the
crystallization of the liquid while keeping its structure
close to the well understood one-component case [9,10].
These studies have shown that, depending on the compo-
sition and the packing fraction, the local structure, i.e.,
the first nearest neighbor shell, shows a surprisingly rich
variety [10—15]. In contrast to these almost one-component
systems, the case of mixtures in which the particles have a
size ratio that differs significantly from unity has been
studied much less [16-22]. Understanding this structure is,
however, important since such highly asymmetric systems
are relevant for describing the behavior of real granular
materials, which are usually highly polydisperse, as well
for the glass-forming ability of multicomponent systems
like metallic glasses in which the atoms can have very
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different radii [23-29]. In addition it has recently been
found that such strongly asymmetric mixtures can have
local structures with unexpected symmetries which can,
e.g., be used to create novel materials via self-assembly
[30]. The main reason for our lack of understanding of
these systems is that their theoretical description is sig-
nificantly more complex and experiments on colloidal
systems are hampered by the precise control of size ratio,
while granular systems are prone to the phenomenon of
phase separation [31,32]. A further problem that one faces
with these systems is the difficulty to characterize their
structure on intermediate length scales since the presence of
two particle sizes gives rise to a highly complex distance
dependency of the partial radial distribution functions, i.e.,
the standard quantities that are used to characterize the
structure of many-body systems [19,33-35]. Because of
these difficulties there is at present little insight on how the
size ratio or the composition affects the packing density or
the structure of asymmetric HS systems.

In this work we use the computed tomography (CT)
technique to probe how composition and size ratio affect
the packing fraction of a binary granular system. Using a
recently developed method to characterize the structure
of disordered systems at intermediate and large length
scales we are able to show that a high packing fraction is
intimately related to the presence of a short structural
correlation length.

Our system is a binary mixture of particles (acrylonitrile
butadiene styrene plastic), denoted in the following as “big”
(b) and “small” (s) particles, with size ratio ¢ = d,/d,,
where d;, and d; = 3.0 mm are the respective diameters.
The number fraction of small particles will be denoted by x.
We consider two size ratios: ¢ = 1.33, which corresponds
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to a mixture that has particles with similar size, and
g = 2.0, i.e., the particle sizes are significantly different.
The particles are mixed and then poured into a cylinder
(diameter is 180 mm and filling height is 200 mm), the
walls of which have been covered randomly with half
spheres of diameter 4 mm to prevent layering of the
particles. Subsequently, the cylinder is placed in a medial
CT scanner and the particle positions are obtained with a
precision of about 0.01d,. More details on the experimental
procedure are given in Supplemental Material (SM) [36].
Depending on the concentration x we have between 22 000
and 169 000 particles in the cylinder.

We analyze the 3D structure of the samples by intro-
ducing a local coordinate system [42]. For this, one picks
any three particles of the same type and which are nearest
neighbors, see SM [36], Fig. S5(a). We define the position
of particle No. 1 as the origin, the direction from particle
No. 1 to No. 2 as the z axis, the plane containing the three
particles as the x-z plane and the y axis is orthogonal to it.
This local reference frame allows us therefore to determine
the 3D distribution of the particles that have a distance r
from the central particle, i.e., a four-point correlation
function.

In Fig. 1(a) we show for different values of r the
distribution p,,(7), i.e., the 3D distribution of the density
of the b particles if at the center we also have a b particle
(g = 1.33 and x = 0.47). The snapshots demonstrate that
pup(7) is highly anisotropic in that it shows, at a given r,
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FIG. 1. Distribution of particles in three dimensions in a shell of
thickness 0.5 d,. (al)-(a4) bb correlation for the x = 0.47
mixture (¢ = 1.33 system); (bl)—(b4) bb correlation for the

x = 0.55 mixture (¢ = 2.0 system); (cl)—(c4) sb correlation
for the x = 0.55 mixture (¢ = 2.0 system).

spots of high intensity that are arranged in a regular
manner on the surface of the sphere. Depending on r,
the geometrical arrangement of these spots has an icosa-
hedral symmetry, Figs. 1(a2) and 1(a4) or a dodecahedral
one, Figs. 1(al) and 1(a3), with the high intensity spots for
one symmetry corresponding to the low intensity spots in
the other one, i.e., the two symmetries are dual (see SM
[36]). This result is reasonable since the local wells formed
by three neighboring particles at a given r will give rise to a
high density at the distance of the subsequent layer [42].
Our finding regarding this regular alternation between these
two platonic symmetries is thus the first experimental
evidence that the structural order found in Ref. [42] does
indeed exist in real systems. We also mention that the same
alternating sequence is found for other compositions and
other types of density fields [e.g., py;, (), in which one has a
s particle in the center], although the symmetries of the
structure might be a bit more fuzzy.

For the ¢ = 2.0 system the field p;,,(7) is shown in
Fig. 1(b) and one sees that the spatial distribution is similar
to the one of the ¢ = 1.33 system, i.e., two alternating
symmetries that are dual to each other. Figure 1(c) show
that if the central particle is a s particle, the density field has
no longer an icosahedral-dodecahedral symmetry, although
one still recognizes the presence of two alternating sym-
metries with increasing r. The first pattern has two zones
of high intensities on the left and right of the sphere
surface, connected by a broad band at the top of the sphere
[Figs. 1(c2) and 1(c4)] while the second pattern has three
prominent bands orthogonal to the x-z plane [Figs. 1(c1)
and 1(c3)], see Movie 1 in Supplemental Material [36].
Thus, these two spatial distributions have less symmetry
than the ones found for ¢ = 1.33, indicating that increasing
q results in a decrease of the order at intermediate and
large r.

The standard way to characterize the structure of many-
body systems is by means of the partial radial distribution
functions g,(r), with @, € {b, s}, or the partial static
structure factors [3]. Supplemental Material Figs. S5
and S6 [36] show that for ¢ = 2.0 it is difficult to interpret
the r dependence of these functions due to the presence
of a multitude of peaks, the height of which show a
complicated r dependence, in agreement with previous
studies [19,34,35]. Since also the dependence of gaﬁ(r)
on composition is complex, Fig. S6, it is not possible to
extract from these functions a physically meaningful decay
length that could be used to describe the range of the
structural order. Hence, one concludes that the projection
of the complex 3D structure found in Fig. 1 on the one-
dimensional quantity g,;(r) leads to a severe loss of
information and thus it is necessary to study directly the
four-point correlation function.

To quantify the anisotropic density distribution p,4(7)
we decompose it into spherical harmonics Y7"(0, ¢, r):

pa/3(9’¢v r) =" Zin:—lp;nﬂ,l(r)Y;n(gv ¢), where 0
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FIG. 2. S,4(1. r) for bb, bs, sb, and ss correlations. Curves in
panels (a) and (c) are shifted vertically by powers of 10~! (top to
bottom). (a) and (c) Different correlations for the ¢ = 1.33 and
g = 2.0 systems, respectively. (b) and (d) bb correlation for
different concentrations x for the ¢ = 1.33 and ¢ = 2.0 systems,
respectively.

and ¢ are the angular variables and the expansion
coefficients ppy, are given in SM [36]. We then use the
square root of the angular power spectrum, S,;(l,7) =
[+ 1) 50 Loty (D12, to characterize  the
anisotropy of the density distribution.

Figure 2(a) presents for ¢ = 1.33 and x = 0.47 the r
dependence of S, for the four possible combinations of the
field. These curves are for [ = 6, since Saﬁ(l =6, r) has the
largest signal (see SM [36]) due to the large number of
angles around 60° in the icosahedron (dodecahedron)-like
structure of the density field, see Fig. 1(a). We see that these
functions show an oscillatory behavior with an envelope
that decays in an exponential manner, in agreement with the
results from Ref. [42] where the origin of these oscillations
have been discussed. Thus, the slope of the envelope can be
used to define a structural length scale & which will be
studied in the following. Since this slope is independent of
the function considered (see SM [36]), we discuss in the
following its average value &.

Figure 2(b) shows S,,(r) for the ¢ = 1.33 system at
different concentrations x and one sees that the position
of the peaks depends only mildly on x but that their
intensity changes rapidly with increasing x. This indicates
that the geometry of the structure, i.e., the icosahedron-
dodecahedron sequence, is present up to relatively high
concentration of the small particles, but that the structures
are less pronounced.

Figure 2(c) shows Sy,(r) for the ¢ =2.0 system at
x = 0.55. The value of [ is also 6, since the signal is again
the strongest. However, if the coordinate system is centered
on a s particle we find that the functions S,(r) have the

largest signal for / =3, a result that is consistent with
the fact that the density field is no longer given by an
icosahedra-dodecahedral symmetry, see Fig. 1(c). Despite
the different values for /, we see that the decay length of the
signal is independent of the field considered and thus can
be used as a robust indicator for the structural order.

Figure 2(d) shows S,,(r) for the ¢ = 2.0 system for
different values of x. We recognize that the x dependence of
the curves is smooth and that the main effect of changing
composition is that the slope of the envelope changes and is
nonmonotonic in x. Thus, we can conclude that, in contrast
to the partial radial distribution functions g,(r), the
quantity S4(1, r) allows us to quantify in a direct manner
how the structure on intermediate and large scale evolves
with composition.

Figure 3(a) shows the x dependence of the length scale &
for the ¢ = 1.33 system and one recognizes that £~ shows
a maximum at around x,,,,, = 0.7, i.e., at this concentration
the structure is maximally disordered. [Note that here we
express & in terms of the mean particle diameter d.,, =
(1 =x)d, + xd, so that the x =0 and x =1 systems
have the same normalized length scale.] For (quasi-)one-
component systems it is common to determine the struc-
tural coherence length from o, the width of the first peak in
the static structure factor [2]. In SM [36] we show that this
is indeed feasible for the ¢ = 1.33 system while for larger ¢
this is not possible since there is not always a main peak.
Also included in Fig. 3(a) is the x dependence of o3 and
one recognizes that this data is qualitatively very similar to
the one of &' giving evidence that these two quantities
are indeed closely related to each other. Also shown
in the graph is the packing fraction ¢ defined by
® =0/ Y i Vo, Where v; and vyy,; are, respec-
tively, the volume and radical Voronoi volume of particle i
[43]. Since ¢(x) shows a maximum close to x,,,, we have a
first indication that a small correlation is associated with a
high packing fraction.

For the g = 2.0 system, Fig. 3(b), we find that Elhasa
maximum which is shifted to larger x, i.e., x,,, =~ 0.8, and
also the maximum of the packing fraction moves to larger x
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FIG. 3. Composition dependence of the length scale & for

the ¢ = 1.33, panel (a), and ¢ = 2.0, panel (b), systems. Also

included is the packing fraction ¢, the standard deviation of the

coordination number @, and in panel (a) the full width at half

maximum of the static structure factor, oy.
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and its height is increased, consistent with theoretical
predictions [17,20,21]. In agreement with the results for
the ¢ = 1.33 system, the location of the maximum in ¢(x)
coincides with the one of £7!, giving further evidence that
these two quantities are closely related.

To understand the connection between ¢ and £ one has to
recall that one-component HS-like systems can have a local
packing fraction that is significantly higher than the global
packing fraction in that, e.g., the central particle of an
icosahedron has @;., = 0.74, thus well above the density of
random close packing, ¢, ~ 0.64 [2]. The reason for this
difference is that icosahedra cannot tile space and hence the
densely packed local structures have to be supplemented
with structures that are packed less densely, making that
@rep < Pico [1,2]. The presence of a second kind of particle
has two effects on the packing. (1) Big particles can
. heir_local ki Jensity_by havi 1
particles as nearest neighbors since the minimum distance
between a big and small particle is less than the one
between two b particles, resulting in a decrease of the

Voronoi_volume. (Note that we refer here to “nearest
neighbors” as the particles sharing a face in the radical
Voronoi cell, and this should not be confused with particles
at contact, see SM [36] for details.) This trend is shown in
Fig. 4 for the two systems in that we find a slow rise of ¢,
with x and the increase is faster for large ¢. (2) For small
icles f the / icles | ] .
effect, i.e., the local packing fraction ¢ (x) decreases with
the addition of the big particles because a big particle that is

close to a small one will strongly increase the Voronoi
volume of the latter, see Fig. 4. The total packing fraction is

given by

(p(x) _ NbSb + NsSs — (pb(x)(ps(x)[q3(l - )C) + .X,']
Nbveoro + Nsvfloro (ps(x)q3(1 - x) + (pb(x)x ’
(1)
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FIG. 4. Average local packing fraction ¢; and ¢,. Full and
dashed lines are for the ¢ = 2.0 and g = 1.33 systems, respec-
tively. Error bars are smaller than the size of the symbols.

where N, and S, are the number and volume of particles of
type a, respectively. Since @, shows a stronger x depend-
ence than ¢,,, one has a maximum in @(x) at x,., > 0.5, in
agreement with the data from Fig. 3.

Note that ¢,, (and ¢,) is an average packing fraction, i.e.,
it is the weighted average over particles that have different
local environments. In order to maximize ¢, one thus needs
that the local environments that are frequent do (i) have a
high packing fraction and (ii) can be joined together
without loosely packed interfaces between them. This latter
@Wﬂmﬂw” local . hat | hicl ki

density since this allows for a greater flexibility in the
assembly of the global packing. To estimate the number of

such local environments at a given x we probe C,;(k), the
probability that a particle of type a has exactly k nearest
neighbors of type f. Figure S13 shows that these distri-
butions are Gaussian-like and thus their standard deviation
@, can be taken as a measure for the variety of the local
environments of a given particle type. The x dependence of
wp,p, 1s included in Fig. 3 as well and one sees that this curve
does indeed match very well the x dependence of ¢.
[Figure S14 demonstrates that the shape of w,4(x) is
independent of the choice of a and f and Fig. S15 that
the statistically relevant local environments do indeed have
a high packing fraction.] Thus, this supports the view that in

order to have a high packing fraction one needs indeed a
large variety of local structures since this allows us to create
a packing that has high density everywhere. Since these
local structures are by definition different, the resulting
global structural correlation length will be small. Hence,

this rationalizes why ¢(x) and &' peak at the same
concentration x,,,,, see Fig. 3.

In this work we have used a CT scanner to determine the
structural properties of granular packings on intermediate
and large length scales. Because of the preparation protocol
and the existence of friction, these structures are not exactly
the same as the frictionless packings studied in theoretical
works [16,20,21], but they do correspond to packings that
occur in real granular systems. Using a novel method to
characterize the structure in 3D, we are able to determine
for the first time a static length scale & even for strongly
asymmetric mixtures. The fact that £~!(x) shows a maxi-
mum at the same concentration at which the maximum
packing fraction occurs indicates that in_multicomponent

disordered systems efficient packing is related to a short
correlation length. Surprisingly, the presence of a short
correlation length does not exclude the possibility that the

structure shows order even on intermediate length scales,
see Fig. 1. The nature of this order depends on ¢ and can

be expected to influence the glass-forming ability of the
system [44,45], calling for further studies to clarify this
dependence. Note that the presence of the symmetry shown
in Fig. 1(c) has not been documented before, demonstrating
that probing the structure in 3D is a powerful approach
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which allows to characterize the structure of many-body
systems that so far could not be described in an insightful
manner. Exploiting this approach to multicomponent sys-
tems will thus allow not only to advance our understanding
of disordered systems but also facilitate the creation of novel
self-assembled materials and glass-forming systems [30].

Finally, we mention that our result on the existence of a
maximum in ¢(x), directly related to the_competition
between opposite trends for the local packing density of
the big and small particles, calls for studies that connect
this observation to the formalism of the Edwards measure
for granular systems [6,46]. Since this measure is based on
the entropy related to the global packing density, it is
important to probe how the mentioned opposite trends are
reflected in this theoretical framework, i.e., to see whether
it is possible to rationalize our results within a thermo-
dynamic approach.
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