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a b s t r a c t 

Multi-principal element solid solutions are prone to develop local chemical inhomogeneities, i.e. , chemi- 

cal order/clustering and/or compositional undulation. However, these structural details from short-range 

(first couple of nearest-neighbor atomic shells) to nanometer length scale are very challenging to re- 

solve in both experimental characterization and computer simulations. For instance, Monte Carlo model- 

ing based on density-functional-theory calculations is severely limited by the sample size and the sim- 

ulation steps practical in the simulations. Adopting the cluster expansion approach, here we systemati- 

cally reveal the local chemical inhomogeneity, including chemical order and compositional fluctuation, in 

three representative equiatomic TiZrNb-based body-centered cubic refractory high-entropy alloys (HEAs): 

TiZrNb, TiZrHfNb and TiZrHfNbTa. Ti-Zr pairs are found to exhibit the highest degree of chemical pref- 

erence among all atomic pairs. Such chemical short-range order (CSRO) induces an accompanying com- 

positional undulation, both extending to characteristic dimensions of the order of one nanometer. The 

chemical inhomogeneity trend uncovered for this series of TiZrNb-based HEAs is expected to impact their 

mechanical properties; e.g. , incorporating the CSRO effects in a current model significantly improves its 

agreement with experimental measured yield strength. 

© 2022 Published by Elsevier Ltd on behalf of The editorial office of Journal of Materials Science & 

Technology. 

1

p

t

a

c

(

m

h

H

T  

T

g

f

t

s

5

t

i

s

t  

r

m

t

(

s

d

t

b

[

o  

o

i

d

h

1

. Introduction 

High-entropy alloys [1–4] (HEAs) composed of multiple princi- 

al elements in equimolar or near-equimolar proportions have at- 

racted substantial research interest in recent years. These HEAs 

re often based on single-phase solid solutions with face-centered 

ubic (fcc), body-centered cubic (bcc), or hexagonal-close packed 

hcp) structures. Among them, bcc HEAs containing refractory 

etal elements have been projected to be promising candidates for 

igh-temperature structural applications. A family of bcc refractory 

EAs of special interest are those containing Zr and/or Hf, such as 

iZrNb [ 5 , 6 ], TiZrHfNb [ 7 , 8 ], TiZrHfNbTa [9–12] , ZrHfNbTa [ 13 , 14 ],

iZrHfTa [15] , and HfNbTa [16] . These bcc HEAs usually exhibit a 

ood balance of strength and ductility, a desirable trait absents 

rom other bcc refractory HEAs that are very strong but rather brit- 

le. For example, TiZrHfNbTa HEA [17] possesses high mechanical 

trength ( σ 0.2 = 929 MPa) and good compression plasticity ( ε > 

0%). Recently, Wei et al. [18] designed a Ti V Nb Hf refrac- 
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005-0302/© 2022 Published by Elsevier Ltd on behalf of The editorial office of Journal of
ory HEA and achieved near-GPa strength and > 20% tensile ductil- 

ty in the as-cast state. 

In terms of structural details, the TiZrNb-based bcc HEAs also 

tand out among all the HEAs, for the following two reasons. First, 

heir lattice often exhibit severe local distortion [ 19 , 20 ], due to the

elatively large atomic size differences among the principal ele- 

ental species making up the alloy, even to the extent of breaking 

he 15% size difference limit expected for single-phase solutions 

the Hume-Rothery rule). Such severe local lattice distortion can 

ignificantly influence the thermodynamic stability, microstructure, 

eformation mechanisms, and other properties. Second, due to 

he varying chemical affinity among the species in these TiZrNb- 

ased bcc HEAs, they are more prone to local chemical order (LCO) 

7] when compared with other recently studied HEAs ( e.g. , the fcc 

nes such as NiCoCr [21–24] , NiCoV [25] , and NiCoCrFePd [26] ). In

ther words, in contrast to random solid solution (RSS) approach- 

ng an ideal solution, where the constituent elements uniformly 

istribute on the lattice sites, the TiZrNb-based bcc HEAs are likely 

o develop LCO, which adds another variable that can be exploited 

o tailor their properties. In addition to such chemical ordering of 

he principal elements, the LCO can be enhanced by adding solutes 

hat exhibit strong chemical affinity with some of the constitute 
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Fig. 1. Illustration of local chemical inhomogeneity using the chemical order parameter ( �) and spatial correlation length ( ξ ). � is a parameter to describe the degree of 

chemical order and ξ denotes the characteristic length of the local chemical inhomogeneity. 
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pecies. For example, Lei et al. [8] purposely doped their TiZrHfNb 

EA with 2 at.% oxygen to form ordered (Zr, Ti)-enriched oxygen 

omplexes. Such additional LCOs can markedly alter the dislocation 

lide mode, e.g. , from planar slip to double-cross slip, hence caus- 

ng a simultaneous increase in tensile strength and ductility. Pang 

t al. [27] also reported a similar approach to achieve the strength- 

uctility synergy in TiZrNb HEAs via boron doping. 

The current paper focuses on the local chemical inhomo- 

eneities existing in TiZrNb-based solid solutions. In general terms, 

he chemical inhomogeneity has two distinct but often closely re- 

ated aspects: local chemical order (which, as outlined above, can 

e a prominent feature in these HEAs) and compositional undula- 

ion [ 28 , 29 ]. The incipient form of LCO is the chemical short-range

rder, CSRO, which describes the partial chemical order (includ- 

ng in some cases tendency towards clustering of one of the con- 

tituent elements) in the first couple of nearest-neighbor atomic 

hells. On the other side of the spectrum, LCO can also be de- 

eloped to the extent of superlattice structures with domain size 

n the order of (many) nanometers, as known for the precipitates 

f intermetallic compound (nano)crystals. In the discussion below, 

ur focus is to examine systematically the LCO in the range from 

SRO to one nanometer length scale. The compositional undula- 

ion, on the other hand, refers to the spatial variation of chemical 

oncentration, e.g. , in the form of incipient concentration waves 

hat have a correlation length beyond the nanometer scale typi- 

al of statistical compositional fluctuation (which is expected when 

he local regions being examined are extremely small). These two 

haracteristic structural features in a concentrated solid solution 

re schematically illustrated in Fig. 1 using the chemical order pa- 

ameter ( �) and spatial correlation length ( ξ ) [30] . � is a vir-

ual parameter to describe the degree of chemical order within the 

ange of 0 to 1, where the value of 0 refers to RSS and the value of

 is for the highest degree of chemical order. ξ describes the char- 

cteristic length of the local chemical inhomogeneity. Note that al- 

oys with (local) chemical order do not necessarily exhibit compo- 

ition variation; an example is the ordered L1 Ni Al intermetal- 
2 3 

222
ic precipitates. Additionally, alloys with compositional undulation 

o not have to be chemically ordered (see the NiCo alloy in Ref. 

31] and NiCoCrFePd HEA in Ref. [26] ). However, in many cases, 

oth local chemical order and compositional fluctuation coexist 

see MD-simulated NiCoCr alloy in Ref. [32] , where the tendency 

owards LCO eventually leads to the formation of nanometer-sized 

omains that differ in local composition). 

We reiterate that an appreciable degree of chemical inhomo- 

eneity is expected in any given Zr- and/or Hf-containing bcc HEA, 

ecause the constituent elements have relatively large atomic size 

ismatch and difference in electronegativity. Specifically, TiZrHfNb 

lloy, as a representative case, has been directly demonstrated 

8] to contain (Hf,Nb)-rich and (Ti,Zr)-rich nanoscale regions ( ∼ 1- 

 nm) from the three-dimensional reconstruction of atom probe 

omography (APT) data. In addition, our previous density-function- 

heory (DFT)-based Monte Carlo (MC) simulations of TiZrHfNb 

33] demonstrated the presence of CSRO for the first (nearest 

eighbor) NN shell using a limited size of configurations (10 0–20 0 

toms) and preliminary MC simulations (40 0 0 swap steps). The 

imulated sample size and MC steps are intrinsically limited by 

he very expensive computational costs for DFT calculations. Ap- 

arently, such small-scale atomistic simulation results are still far 

etached from the experimental observation, especially in terms of 

he characteristic length scale of local chemical inhomogeneity. In 

ther words, the current challenge for clarifying the local chemical 

nhomogeneity in the TiZrHfNb alloy is two-fold: (i) so far there 

as been no direct observation of the local chemical order via ex- 

erimental characterization; (ii) DFT-based MC simulation can only 

redict the local chemical order in the first NN shell, i.e. , CSRO. To 

ircumvent this problem, the approach of hybrid MC and molecu- 

ar dynamics simulation utilizing empirical interatomic potential is 

 possibility. However, an accurate and robust interatomic potential 

or this quaternary alloy system is still not available. 

In this work, we carried out a systematic cluster expansion (CE) 

pproach to examine the local chemical inhomogeneity in TiZrNb- 

ased bcc refractory HEAs ( i.e. , TiZrNb, TiZrHfNb, and TiZrHfNbTa). 
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he CE approach is based on the Hamiltonian describing the crys- 

al configuration energy and has a very high computational effi- 

iency for multicomponent materials. By implementing MC simu- 

ation based on the CE approach, we reveal the evolution of local 

hemical inhomogeneities, including the development of LCO and 

he accompanying compositional undulation, from the chemically 

isordered structure at high temperatures to the strong tendency 

f forming different chemically favored pairs, even reaching a char- 

cteristic length of nanometer scale at lower temperatures. Our re- 

ults provide useful information for guiding the structure-property 

esign of bcc refractory HEAs, in particular for this TiZrNb-based 

ub-group that offers am ple opportunities for employing LCO to 

une alloy properties. 

. Methods 

.1. Cluster expansion (CE) approach 

In the cluster expansion approach, crystalline materials are 

odeled using a generalized Ising model in which various multi- 

ody cluster interaction terms called effective cluster interactions 

ECI) [34] must be determined. A configuration 

�
 σ with M differ- 

nt species can be expressed by the occupation variables of inte- 

er σi , which denotes the kind of atom is on atomic lattice point 

 . Typically, the value of σi can be taken from 0 to M i − 1 ( e.g. for

uaternary alloy ( M = 4), σi could be 0, 1, 2, 3). The energy of

onfiguration 

�
 σ is represented by different ECIs as the following 

ormula: 

H mix 

(→ 

σ
)

= 

∑ 

ω 

J ω m ω 〈 �ω ’ 

(→ 

σ
)
〉 
ω 

(1) 

here ω denotes a cluster, generally expressed as a vector, and ω i 

s an element of vector ω, representing the atomic species on lat- 

ice site i , with values from 0 to M i − 1 . m ω denotes the multi-

licity of ω clusters, which is equivalent to ω by symmetry. J ω are 

he effective cluster interactions corresponding to cluster ω. Clus- 

er functions, 〈 �ω ′ ( � σ ) 〉 ω are defined as the product of point func- 

ions occupying positions on a particular cluster ω. Its expression 

orresponding to the multi-component alloy system is [35] 

 

�ω ( � σ ) 〉 = 

∏ 

i 

γω i ,M i 
( σi ) . (2) 

In this work, we use the Python package icet [36] for training 

o obtain the corresponding ECIs, J ω . The point functions γω i ,M i 
( � σi ) 

re based on the van de Walle’s method [ 35 , 37–39 ]: 

ω i ,M i 

(
ˆ → σ i 

)
= { 

1 if ω i = 0 

− cos 
(
π ω i σi 

M 

)
if ω i > 0 and odd , 

− sin 

(
π ω i σi 

M 

)
if ω i > 0 and even . 

(3) 

.2. Dataset for CE fitting 

The dataset for cluster expansion training is obtained from the 

FT calculation, as illustrated in Fig. 2 . The DFT calculation pack- 

ge, Vienna ab initio Simulation Package [40–42] , was used to 

alculate the configurational energy of 500 independent 4 × 4 

4 supercells (each containing 128 atoms) for TiZrNb, TiZrHfNb 

nd TiZrHfNbTa, individually. Projection-enhanced waves (PAW) 

43] are employed to describe the electron-ion interactions. The 

-point mesh (3 × 3 × 3) in the Brillouin region is set by the 

onkhorst-Pack method [42] . The exchange-correlation function 

s a generalized gradient approximation (GGA) parameterized by 

erdew-Burke-Ernzerhof (PBE) [44] . The cutoff energy of plane 

aves was determined to be 380 eV after the convergence test, 

nd the self-consistent convergence criterion is that the total en- 

rgy is less than 4.0 ×10 −5 eV/atom. 
223 
.3. CE-based MC simulation 

The MC simulation method was applied for simulated anneal- 

ng of the TiZrNb-based HEAs. Equimolar alloy samples with 2880 

toms and dimensions of 12 × 12 × 10 unit cells (corresponding 

o 4.1 nm × 4.1 nm × 3.4 nm) were generated, and the atoms then 

andomly placed onto lattice positions to serve as the initial struc- 

ure for the simulated annealing. For each configuration and each 

esired MC temperature, T MC , the MC simulation was run for a to- 

al of 60 0,0 0 0 steps, which corresponds to approximately 210 ex- 

hange trials per atom. The CE approach predicts the energy of the 

ost-simulation configuration at each step, which is used to deter- 

ine if the exchange at this step is accepted. The MC method was 

mplemented by a Python compilation and combined with CE for 

onformational energy prediction of these TiZrNb-based HEAs. The 

rocess is as follows (see also Fig. 2 ): ( ⅰ ) the conformational energy

f the initial cell is predicted using CE; ( ⅱ ) a new configuration is

btained by randomly exchanging two atoms in the cell, and each 

xchange of atoms is considered an MC step; ( ⅲ ) the energy of 

he new configuration obtained at each MC step is predicted using 

E; ( ⅳ ) following the Metropolis algorithm, the probability that the 

ew configuration is accepted is 

 = 

{
1 , �E � 0 

exp ( −�E/ ( k B ∗ T MC ) ) , �E > 0 

(4) 

here �E is the amount of change in the energy of the system due 

o the exchange of atomic positions and k B 
∗T MC is the Boltzmann 

actor. The new structure, once accepted, is reused as the initial 

tructure, and the above operation is repeated. Eventually, the en- 

rgy profile and the equilibrium structure of these TiZrNb-based 

EAs converge after a sufficient number of MC steps. 

.4. DFT-based MC simulation 

A DFT-based lattice MC approach was employed for TiZrNb, 

iZrHfNb and TiZrHfNbTa alloys. The initial starting point of the 

C simulations adopted an equimolar 5 ×5 ×5 supercell, contain- 

ng 250 atoms, which was generated as a special quasi-random 

tructure (SQS) [45] . Similar to the method in previous literature 

 23 , 33 , 46 ], MC simulations were run for a total of 30 0 0 steps at a

C temperature of 600 K, corresponding to approximately 10 swap 

rials per atom. Energy calculations after each MC swap were exe- 

uted with the Vienna ab initio simulation package. Brillouin zone 

ntegrations were performed using Monkhorst–Pack meshes with 

 single k-point ( �) with a plane wave cutoff energy of 350 eV. 

he PBE formalism was adopted to describe exchange and corre- 

ation interactions, and the PAW method was utilized for dealing 

ith electron-ion interactions. 

. Results 

.1. Evaluation of the cluster expansion model 

The CE models for the potential energy of these TiZrNb- 

ased alloys were trained using 500 independent supercells (with 

 × 4 × 4 unit cells, containing 128 atoms) in equal molarity. The 

CI parameters for the CE models are fitted directly through the 

ython third-party library icet [36] . The fitting accuracy of the ECI 

arameters needs to be scrutinized to ensure the predictive power 

f our CE models for the cohesive energies (related to potential en- 

rgy) of TiZrNb-based HEAs. The cohesive energy typically reflects 

he stability of the atomic configuration, which is defined as the 

ifference between the energy of alloy and the sum of the corre- 

ponding isolated atomic energies: 

 coh = 

1 

(E alloy −
∑ 

n i E i ) (5) 

N 
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Fig. 2. Flowchart of CE fitting and MC simulations. 

Fig. 3. Generalization ability of the fitted CE models by comparing CE-predicted and DFT-calculated cohesive energy for (a) TiZrNb, (b) TiZrHfNb, and (c) TiZrHfNbTa HEAs 
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Here, E a lloy is the total energy of the alloy system. E i and n i 
epresent the energy and number of isolated atoms of species i , 

espectively. N denotes the total number of atoms in the alloy sys- 

em. The correlation coefficient ( R 2 ) and root mean square error 

RMSE) are often utilized as judging criteria when assessing the 

redictive accuracy of models based on regression analysis, i.e. , 

eneralization ability: 

 

2 = 1 −
∑ N 

i =1 

(
y i − y ′ i 

)2 

∑ N 
i =1 ( y 

′ 
i − ȳ ) 

2 
(6) 

MSE = 

√ 

1 

N 

N ∑ 

i =1 

( y i − y ′ i ) 2 (7) 

here y i , y 
′ 
i 

and ȳ denote the actual value, the predicted value and 

he averages of the actual values, respectively. The closer to unity 

he correlation coefficient R 2 is, the better the fitting achieved via 

he model. 

Then, 100 additional samples for TiZrNb, TiZrHfNb, and 

iZrHfNbTa each were assigned for prediction evaluation. Fig. 3 

emonstrates the excellent generalization ability of our CE mod- 

ls applied to all three TiZrNb-based alloys by comparing the 

E-predicted and DFT-calculated cohesive energies. In particu- 

ar, the prediction data points are almost uniformly distributed 
224 
n close proximity to the y = x line (see Fig. 3 (a–c)), with

MSE = 6.86 ×10 –8 , 8.95 ×10 –8 , and 7.65 ×10 –8 eV/atom for TiZrNb, 

iZrHfNb, and TiZrHfNbTa, respectively. Moreover, their corre- 

ponding R 2 values are respectively 0.99, 0.98, and 0.99, indicating 

 very high accuracy of the CE models. 

.2. MC temperature dependence of the cohesive energies 

CE-based MC simulations were applied on three equimolar 

iZrNb-based samples with 2880 atoms to achieve convergence at 

ach MC temperature, spanning from T MC = 400 K to 1800 K. Fig. 4

epicts the cohesive energy of the final MC configurations, i.e. , 

he energetically favorable atomic configurations at different T MC . 

he lower the T MC is, the lower the cohesive energy for the an- 

ealed configuration. From the RSS configuration to the configura- 

ion with the lowest annealing temperature, the reduction in cohe- 

ive energy per atom is 0.02 eV for TiZrNb, 0.033 eV for TiZrHfNb, 

nd 0.026 eV for TiZrHfNbTa, respectively. It is worth noting that 

heir cohesive energies drop sharply when T MC goes below a crit- 

cal temperature, which is ∼ 600 K, 750 K and 700 K for TiZrNb, 

iZrHfNb and TiZrHfNbTa, respectively (see Fig. 4 (a–c)), suggesting 

n order-disorder transition resulting in pronounced chemical in- 

omogeneity. This will be discussed in detail in the following sec- 

ions. 
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Fig. 4. Cohesive energy for the final configurations from CE-based MC simulation for (a) TiZrNb, (b) TiZrHfNb and (c) TiZrHfNbTa HEAs, over the range of MC temperatures 

simulated. 

Fig. 5. Temperature dependence of Warren–Cowley parameters δij among different pairs within the first nearest-neighbor shell for (a) TiZrNb, (b) TiZrHfNb and (c) 

TiZrHfNbTa alloy from CE-based MC simulation. 
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.3. Chemical inhomogeneity in TiZrNb-based HEAs 

The temperature dependence of CSRO ( i.e. , 1st NN shell) from 

E-based MC simulations are presented in Fig. 5 for TiZrNb, 

iZrHfNb and TiZrHfNbTa alloys, spanning from 400 K to 1800 K. 

o characterize the pair preferences in detail, we utilized the clas- 

ical Warren–Cowley parameters [47] to quantify the local chemi- 

al order: 

ij = 1 − N ij 

NX j 

(8) 

here N ij denotes the number of j-type atoms in the NN shells 
round an i -type atom, N is the total number of atoms in the 

N shells around an atom of interest, and X j represents the cor- 

esponding concentration of type j in the alloy. In the case of 

 random alloy, δij = 0 . Positive (negative) values of δij reflect a 

endency of unfavored (favored) i - j pairs. Fig. 5 shows the de- 

ails of δij of different pairs in the 1st NN shell. Apparently, at 

ower temperatures, a very strong tendency of elemental prefer- 

nce occurs, which can be seen from Fig. 5 (a–c) that δij deviates 

ignificantly from δij = 0 (corresponding to RSS). At high temper- 

tures, the δij values of all pairs approach zero. It is thus appar- 

nt that the formation of CSRO is driven by energy reduction to- 

ard more stable configurations compared to the starting RSS al- 

oy. Note that the δij also changes markedly below a critical tem- 

erature, corresponding to the temperature interval where the co- 

esive energy changes sharply in Fig. 4 for each alloy. Note that 

he δij in the 1st NN is consistent with the DFT-based MC simu- 

ation at T MC = 600 K in previous literature [33] . Focusing on the

ase of T MC = 400 K, all three alloys show a very strong tendency 

f forming chemically favored Ti-Zr pairs, with the most negative 

δij for TiZrNb, TiZrHfNb, and TiZrHfNbTa being −0.74, −0.98, and 

0.92, respectively. The strong Ti-Zr pair was also captured in pre- 

ious study [48] of TiZrNb by implementing hybrid MD/MC simu- 
225 
ations. This can be explained by the estimated enthalpy of mix- 

ng by Miedema’s model [49] , where the value for Ti-Zr pairs is ∼
 kJ/mol and is the lowest among all other atomic pairs in Ti-Zr- 

f-Nb-Ta. Thus, the highly favored Ti-Zr pairs can be regarded as 

he characteristic CSRO among TiZrNb-based HEAs in our study. 

As briefly mentioned in the Introduction section, a typical 

rawback of DFT-based MC simulation is that only CSRO, with a 

ength scale of a few angstroms, can be accurately captured, due 

o the limited size of the configurations (10 0–20 0 atoms) and pre- 

iminary MC simulations ( < 40 0 0 steps). Thus, it is worth not- 

ng that our samples of 2880 atoms, obtained using CE-based MC 

imulations, offer the opportunity for us to describe the features 

f LCO and compositional fluctuation to nanometer length scale, 

hich can be compared with experimental characterization. Thus, 

e next tested whether these TiZrNb-based bcc HEAs possess 

anoscale elemental preference characteristics, i.e. , local chemical 

rder, by analyzing the corresponding Warren-Cowley parameters 

ij within the first four nearest-neighbor shells (denoted as 1-4 NN 

hells), i.e. , a surrounding region about 1.2 nm in diameter. Here, 

iZrNb, TiZrHfNb and TiZrHfNbTa samples obtained from three 

 MC , including 400 K, 600 K and 1500 K, are considered, as shown 

n Fig. 6 . As the temperature increases, all types of pairs converge 

o the RSS case, indicating that chemical preferences driven by en- 

rgy reduction are overwhelmed by entropy-driven randomization 

t high annealing temperatures. δij within the 1-4 NN shells gen- 

rally exhibits a trend generally consistent with that within the 1 

N shell, but at a weaker degree. The general LCO features for the 

tudied TiZrNb-based alloys are as follows: (i) For the TiZrNb alloy, 

he Ti-Zr pair is strongly favored, whereas the tendency of forming 

ther atomic pairs is weak; (ii) For the TiZrHfNb alloy, Ti and Nb 

refer to pair with Zr and Hf; (iii) For TiZrHfNbTa, Ta is prone to 

orming nanoscale segregation themselves, in addition to the coex- 

sting chemical preference among Ti, Zr, Hf and Nb. 
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Fig. 6. Histograms of Warren-Cowley parameters δij of (a–c) TiZrNb, (d-f) TiZrHfNb, and (g–i) TiZrHfNbTa within the 1 NN and 1-4 NN shells, at three different MC temper- 

atures. (j) An illustration to compare the local chemical order in TiZrNb, TiZrHfNb and TiZrHfNbTa alloys. The line connecting two elements indicates the degree of chemical 

preference ( i.e. , the thicker line is for the higher degree of chemical preference, and vice versa). 
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The formation of the CSRO (1 NN shell) and local chemical or- 

er (1-4 NN shells) are both a consequence of the competition be- 

ween elements with varied chemical preferences. Ti-Zr pairs ex- 

ibit the highest preference compared to all other atomic pairs 

n TiZrNb, TiZrHfNb and TiZrHfNbTa alloys. For the TiZrNb alloy, 

he Ti-Zr pair is most favored, and Nb is unfavored to pair with 

i, resulting in less Nb-Nb and Zr-Nb pairs. This implies a degree 

f Nb clustering, embedded within the matrix of TiZrNb. For the 

iZrHfNb alloy, the inserted Hf also favors bonding with Ti and Nb, 

hus resulting in the formation of (Ti, Zr)-rich and (Nb, Hf)-rich 

anoscale regions, which is consistent with the three-dimensional 

econstruction of atom probe tomography data [7] . In addition, 

hey are accompanied by some weaker (Ti, Hf)-rich and (Nb, Zr)- 

ich regions. For TiZrHfNbTa, the introduced Ta does not form suffi- 

iently strong chemical bonds with Ti, Zr, Hf, or Nb, so it does not 

erturb the local chemical order features among other elements 

Ti, Zr, Hf, Nb). Fig. 6(g) shows that δij for Ta-Ta has a value of
226 
round -0.4 event up to the 4th NN shell, suggesting that Ta atoms 

re likely to form nanoscale segregation themselves. A comparison 

f the local chemical order in TiZrNb, TiZrHfNb and TiZrHfNbTa al- 

oys is schematically illustrated in Fig. 6(j) . 

.4. Local compositional fluctuation in TiZrHfNb alloy 

In general, local chemical order and compositional fluctuations 

re mutually independent structural features with no required de- 

endency between them (see illustration in Fig. 1 ). After reveal- 

ng the local chemical order in Figs. 5 and 6 , we now move on

o examine the local compositional fluctuation in a representative 

ase, the TiZrHfNb alloy. Here, we define the local composition 

oncentration for each atom as the measured concentration value 

round itself using the cutoff of 8 NN shell (with a diameter of 

1.6 nm), which is close to the characteristic length ( ∼1-2 nm) 

f experimentally observed clusters [7] . There is only negligible 
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Fig. 7. Local composition (atomic molar fractions) of (a) C Ti + Zr and (b) C Ti + Nb in the TiZrHfNb HEA obtained from CE-based MC simulation with T MC = 400 K. Two randomly 

selected paths along the x and z directions are denoted, and the corresponding C Ti + Zr and C Ti + Nb for the atoms along those paths are presented in (c) and (d). (e) f LFC , defined 

as the fraction of locally favored compositions ([(Ti,Zr) or (Hf,Nb)] versus [(Ti,Nb) or (Hf,Zr)]), for the TiZrHfNb configurations at various MC temperatures. The concentration 

of 0.5 corresponds to the RSS configuration that shows a uniform distribution of elements. 
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ocal chemical order (Warrant-Cowley parameter, | δij | < 0 . 007 ) at 

his length scale, even for the most chemically ordered configura- 

ions in our study (annealed at the lowest temperature). Fig. 7 (a, 

) shows the local composition concentrations of (Ti, Zr) and (Ti, 

b), respectively (the atomic fractions are denoted as C Ti + Zr and 

 Ti + Nb ), mapped over the whole CE-based MC TiZrHfNb sample 

 T MC = 400 K). Apparently, for C Ti + Zr (or equivalently 1 – C Hf + Nb ), 

here are highly fluctuating concentrations within a wide range of 

.3 – 0.7, while C Ti + Nb only fluctuates weakly around the value of 

.5, which is also the value for uniform distribution of elements. 

oreover, we randomly choose two paths along the x and z direc- 

ions (see illustration in Fig. 7 (a, b)), and the corresponding C Ti + Zr 

nd C Ti + Nb along those two paths are presented in Fig. 7 (c, d) to

uantitatively describe the composition fluctuations. A stark con- 

rasting behavior of C Ti + Zr and C Ti + Nb can be clearly observed. Fur- 

hermore, we define the fraction of locally favored clusters, f LFC , 

y counting the possibility of ([(Ti,Zr) or (Hf,Nb)] versus [(Ti,Nb) 

r (Hf,Zr)]) for each cluster. For the uniform elemental distribution 

ase, f LFC would equal 0.5 for both ([(Ti,Zr) or (Hf,Nb)] and [(Ti,Nb) 

r (Hf,Zr)]). However, as shown in Fig. 7(e) , the clusters of ([(Ti,Zr) 

r (Hf,Nb)] are apparently favored over [(Ti,Nb) or (Hf,Zr)]) in the 

nnealed TiZrHfNb samples obtained from CE-based MC simula- 

ion ( T MC = 400 K – 1800 K). Such compositional fluctuation be- 

ome extremely pronounced below T MC = 600 K, and finally, f LFC 

or [(Ti,Zr) or (Hf,Nb)] reaches as high as 0.9 at the lowest T MC . 

. Discussion 

.1. CSRO effect on mechanical deformation 

Next, we applied Curtin’s solid solution strengthening model 

50–52] to predict the yield strength of the RSS versus CSRO 

iZrNb-based HEAs. This strengthening theory is an analytic model 

hat assumes that individual solutes interact elastically with dis- 

ocations in the average alloy matrix. For an bcc alloy containing 

 types of alloying components with concentrations c n , the shear 

ield stress and energy barrier �E b for thermally activated flow at 

ero-temperature can be estimated as 

y0 = 0 . 040 α− 1 
3 G 

(
1 + υ

1 − υ

) 4 
3 

[∑ 

n c n �V 

2 
n 

b 6 

] 2 
3 

(9) 
227 
E b = 2 . 00 α
1 
3 Gb 3 

(
1 + υ

1 − υ

) 2 
3 

[∑ 

n c n �V 

2 
n 

b 6 

] 1 
3 

(10) 

Here, G, v represents the shear modulus and Poisson’s ratio, 

espectively. α= 1/12 is a weighting factor for the dislocation line 

ension in bcc lattices. The average Burgers vector b is given as 

 = 

√ 

3 / 2 a 0 , with a 0 denotes the lattice constant of bcc TiZrNb-

ased HEAs. �V n is the atomic misfit volume for the type- n ele- 

ent, which can be determined as [53] 

V n = 

∑ 

m 

c m 

〈 �V 

n/m 〉 (11) 

here 〈 �V n/m 〉 reflects the volume change induced by randomly 

ubstituting type- m atom with type- n atom. Then, the predicted 

ield stress τy at finite temperature T and finite strain rate ˙ ε can 

e expressed as 

y = 3 . 06 τy0 

[ 

1 −
(

kT 

�E b 
ln 

ε ’ 
0 

˙ ε

) 2 
3 

] 

(12) 

Here, ˙ ε0 = 10 4 s –1 is a reference strain rate and 3.06 is the Tay- 

or factor for polycrystals strengths controlled by edge dislocations. 

he finite strain rate ˙ ε here is set to 10 –3 s –1 . 

For each alloy, we calculated the atomic misfit volume, shear 

oduli, lattice constant at 0 K for both RSS and CSRO configura- 

ions, containing 250 atoms, which are within the computational 

apacity of DFT calculation. Here, the CSRO configurations were ob- 

ained from DFT-based MC simulation (see Methods section for de- 

ails and our previous simulation for TiZrHfNb [27] ). Using Eqs. (9) 

nd (12), the predicted yield strength of both RSS and CSRO con- 

gurations are shown in Fig. 8 . As seen in Fig. 8(a) , for all three

iZrNb-based HEAs CSRO led to a small but noticeable (of the order 

f ∼11%) increase in yield strength. Specifically, the predicted yield 

trengths of (i) RSS TiZrNb, TiZrHfNb, and TiZrHfNbTa are 521.7, 

34, and 787.1 MPa, respectively; (i) CSRO TiZrNb, TiZrHfNb, and 

iZrHfNbTa are 598.3, 717 and 834.8 MPa, respectively. Meanwhile, 

ig. 8(b) shows a comparison of the experimentally measured and 

he predicted (both RSS and CSRO) yield strength for these three 

iZrNb-based HEAs. Clearly, the predicted yield strengths of the 
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Fig. 8. (a) Predicted yield strength of RSS and CSRO configurations for TiZrNb-based HEAs at 300 K. (b) A comparison of yield strength between the experimental measure- 

ment [ 5 , 8 , 10 , 17 , 27 , 54–56 ] and theoretical prediction for these RSS and CSRO TiZrNb-based HEAs. The dashed line indicates where the predicted yield strength equals to the 

experimental value. 

Fig. 9. (a) CE predicted versus DFT calculated cohesive energy of TaZrHfNb alloy. (b) Variations in the cohesive energy of CE-based MC-annealed configurations at different 

temperatures. (c) Temperature-dependent Warren–Cowley parameters δi j of the 1 NN shell among different pairs. (d) Histogram of Warren-Cowley parameters δi j in the 1NN 

and 1-4 NN shells at T MC = 400 K. 
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SS samples are generally lower than the experimental values by 

100 MPa, while the predicted yield strengths of corresponding 

SRO samples approach the experimental measurements. This in- 

icates the need to take into account the contribution of CSRO 

or other local chemical inhomogeneities) to achieve a more ac- 

urate prediction of the yield strength of TiZrNb-based bcc HEAs. 

his is because the experimental HEA samples inevitably contain 

 certain degree of local chemical inhomogeneity, above and be- 

ond the random solid solutions. Note that our MC-annealed sam- 

les (based on DFT calculation) for the predicted yield strength in 

ig. 8 only contain CSRO as the sole chemical inhomogeneity. For 

lloys with local compositional fluctuation, an additional influence 
228 
ould be present on the yield strength and ductility. For exam- 

le, a recent study of nanocrystalline nickel-cobalt solid solutions 

31] showed tensile strengths of approximately 2.3 gigapascals with 

 respectable ductility of approximately 16% elongation to failure, 

hich is achieved by compositional undulation in a highly concen- 

rated solid solution. Other literature [ 7 , 8 ], including in situ trans- 

ission electron microscopy experiments in a bcc TiZrHfNb, has 

lso captured evidence that local chemical fluctuations in HEAs 

ould have significant influences on their strength and ductility, 

rom direct observations of the dislocation pinning as well as lo- 

al double cross-slips caused by the local chemical fluctuation . 

hese studies emphasize a nontrivial effect of local chemical in- 
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omogeneity (compositional modulation/fluctuation, chemical or- 

er from CSRO to LCO on various length scales) on the mechanical 

ehavior and deformation mechanisms of HEAs. 

.2. Effects of substituting Ti with Ta 

In addition to the TiZrHf-based alloys discussed above, 

aZrHfNb is another bcc refractory HEA with outstanding mechani- 

al properties and has been under recent studies [ 13 , 57 ]. TaZrHfNb,

ith Ta replacing Ti in TiZrHfNb alloy, can be viewed as a rela- 

ive of the TiZrNb-based HEAs investigated above. Thus, we have 

lso examined whether local chemical inhomogeneity features are 

resent, in such quaternary HEAs using CE-based MC simulation 

same approach as that for TiZrNb-based HEAs in the Methods sec- 

ion). Specifically, as shown in Fig. 9(a) , the cohesive energies of 

E predicted vs DFT calculated are very consistent, with a RMSE of 

.16 × 10 –8 eV/atom and a correlation coefficient ( R 2 ) of 0.97, sug- 

esting a satisfactory prediction accuracy. Fig. 9(b) shows the vari- 

tions in the cohesive energy of the CE-based MC-annealed config- 

rations at different temperatures. As the applied MC temperature 

ecreases from 1800 to 400 K, the cohesive energy decreases by 

.024 eV per atom. However, unlike the TiZrNb-based HEAs, the 

SRO characteristics of the 1 NN shell in TaZrHfNb is fairly weak, 

ielding a very small δi j for all types of pairs even at the lowest 

C temperature, as shown in Fig. 9(c) . Moreover, Fig. 9(d) also 

ndicates the low degree of local chemical order for all types of 

tomic pairs within the 1-4 NN shells at 400 K. This observed weak 

egree of local chemical order in TaZrHfNb HEA is in stark contrast 

o those for TiZrNb, TiZrHfNb and TiZrHfNbTa alloys. This discrep- 

ncy could originate from the special role of Ti in those TiZrNb- 

ased bcc refractory HEAs. According to the estimated mixing en- 

halpy by Miedema’s model [49] the value of Ta-Zr is 3 kJ/mol, 

hich is high than that of Ti-Zr (0 kJ/mol). Such difference explains 

he weaker chemical affinity and order tendency of Ta-Zr. As illus- 

rated in Figs. 5 and 6 , Ti-Zr pairs exhibit the strongest chemical 

ffinity and ordering tendency. Once Ta replaces Ti, the Ti-induced 

ronounced chemical order ( i.e. , the Ti-Zr and Ti-Hf bonds) is no 

onger present. This leaves Ta, Zr, Nb and Hf almost on equal foot- 

ng in their competition to form nearest-neighbor pairs. Hence, 

nly a low degree of local chemical order can be formed in the 

aZrHfNb HEA. 

. Conclusions 

In summary, we have used the cluster expansion approach to 

ystematically uncover the local chemical inhomogeneity in three 

epresentative equiatomic TiZrNb-based body-centered cubic re- 

ractory HEAs: TiZrNb, TiZrHfNb and TiZrHfNbTa alloys. The chem- 

cal inhomogeneities mapped out include local chemical order and 

ompositional undulation, from the nearest neighbor atomic shell 

p to about one nanometer in length scale. 

1) The local chemical order features in the TiZrNb-based alloys are 

as follows: (i) For the TiZrNb alloy, the Ti-Zr pair is the most 

favored, while there exists relatively weaker Nb-Nb pair; (ii) 

For the TiZrHfNb alloy, Ti and Nb prefer to pair with Zr and 

Hf, respectively; (iii) For TiZrHfNbTa, Ta is prone to form sub- 

nanoscale segregation, in addition to the existing chemical pref- 

erence among Ti, Zr, Hf and Nb. 

2) Accompanying the LCO, there exists compositional undulation 

in the TiZrHfNb alloy on nanometer scale, arising from the pre- 

ferred local enrichment of [(Ti, Zr)] or [(Hf, Nb)] CSROs. 

3) The local chemical inhomogeneity evolves strongly with tem- 

perature, from the RSS structure at high temperatures to the 

pronounced tendency of forming chemically favored pairs at 

low temperatures. The LCO develops beyond the range of CSRO, 

to a characteristic length scale of at least one nanometer. 
229 
4) The predicted yield strengths of the RSS samples are gener- 

ally lower than the experimental values by ∼ 100 MPa, while 

those calculated for CSRO-containing samples approach the ex- 

perimental measurements. This strongly suggests the need to 

take into account the contribution of CSRO (and/or other local 

chemical inhomogeneities) to achieve a more accurate predic- 

tion of the yield strength of TiZrNb-based bcc HEAs. 

5) When the strong CSRO-promoting Ti is replaced by Ta, the re- 

sultant TaZrHfNb alloy is found to contain only a weak degree 

of local chemical order, unlike the three representative TiZrNb- 

based HEAs in the present study. 

6) Our work reveals the trend of the chemical inhomogeneities 

and compositional undulation that would develop as intrinsic 

features in these TiZrNb-based bcc HEAs. Meanwhile, the CSRO 

tendency also sheds light on the fertile emergence of (Ti,Zr,O)- 

complexes that form upon the addition of oxygen/nitrogen into 

such HEAs to purposely accentuate (sub)nanometer-scale chem- 

ical complexes/heterogeneities. 
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